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A new method for accurate measurements of resonant frequency is described here, which uses 
a phase-modulated locked loop to avoid errors due to unknown phase shifts or to synchronous 
pickup noise. 

INTRODUCTION 

Accurate measurements of the resonant frequency can be 
performed using the phase-locking technique. I

-
3 The stan­

dard phase-locking method uses a single feedback loop to 
catch and hold the resonant frequency. The accuracy of this 
method is limited mainly by the uncertainty on the zero 
phase reference (i.e., by the residual "phase error") and by 
the synchronous quadrature pickup. 

A phase-modulated locking method is described here 
which uses a double feedback loop: the main loop is imple­
mented by a second loop which allows a resonant-frequency 
measurement not affected by the residual phase and pickup 
errors. 

We used this method to detect the adsorption of atomic 
layers onto a graphite fiber microbalance,4 achieving an 
overall frequency resolution and stability (v - 1'o)/vo 
<10-- 6 • 

I. THE STANDARD PHASE-LOCKED lOOP 

In any resonant system the parameter that describes the 
oscillating response has amplitUde and phase relationship 
with the excitation signal, both depending on the driving 
frequency. 

Assuming the excitation signal as zero phase reference, 
the in-phase ( VS'F) and the quadrature (VS'Q) components 
of the response signal V ... are given by the relation 

Vs = VSF + iVsQ = V"o ( vL\V)2 + iVL\v( V; - v2)]1 

[<ti - V)2 + (vL\V)2] , (1) 

where v is the driving frequency and ilv is the resonance 
width. The behavior of V'iF and VSQ close to the resonant 
frequency Va is shown in Fig. 1. 

If the measuring apparatus has a finite rejection of spur­
ious signals VPF + iVpQ which are synchronous with the ex­
citation (such as electromagnetic pickup, mechanical feed­
through, etc.), the detected signal becomes 

V .. = ( V~F + VPF ) + i( VSQ + VPQ ) = VI" + iVQ . 

In the following analysis we will assume that close to Vo the 
frequency dependence of the pickup signal is negligible: 
(aVPfo.fov);:::::; (aVpQ/Jv) ;:::::;0. 

The slope of VSQ at v;:::::;vo is negative and V~Q (vo) ;:::::;0. 
Therefore, if we measure 1/." with a phase-sensitive detector 

driven at 1T/2 with respect to the excitation, the detector 
output can be used to lock at resonance the frequency of a 
voltage-controlled oscillator which produces the exciting 
signal. 

An example of such a phase-locked ioop is shown in Fig. 
2 where a conducting wire W, 1.4 placed into a static magnetic 
field, is driven mechanically into vibration by a piezotrans­
ducer PT. The oscillation amplitUde is detected by measur­
ing the Vs voltage signal induced into the wire. The VR 

quadrature signal for the reference channel of the phase­
sensitive detector PSD 1 is obtained from the driving signal 
Vv through a phase shifter PS. 

The dc output signal VI of PSDI yields the control for 
the voltage-controlled osciHator yeO, and the closed-loop 
frequency is measured by a frequency meter FM. 

In this setup the closed-loop frequency may be shifted 
with respect to the resonant value, not only by the presence 
of a synchronous pickup, but also by the phase angle 4>0 
between Vs and Vv introduced by the transducer PT and by 
the amplifier chain AI' 

The frequency error due to ¢o can be reduced by a prop­
er change of the VR phase shift fromrr/2 to 1T/2 + 4>1 with 
¢I ;:::::;4>0' Therefore, the "residual phase error" rf; = ¢1 - ¢o 
can be manually minimized by searching for the maximum 
value of the rectified and filtered (I Vs I) signal with a de 
voltmeter DCVM. 

The accuracy of this technique can be predicted by the 
following simple calculations. 

The PSD 1 output can be written as a function of v and ¢ 

0.5 0.1 0.9 lot 1.3 1.5 

vivo 

FIG. 1. The reduced amplitude of in phase (V,s/Vso ) and quadrature 
( VSQ / V:'O) signals at resonance. 
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FIG. 2. Main feedback loop: PT piezotransducer; W vibrating wire; PS 
phase shifter; VCO voltage-controlled oscillator; FM frequency meter; PSD 
phase-sensitive detector. 

Vj = - Al [ ( VSF + VpF ) sin if; + (VSQ + VpQ ) cos ¢J ] 

=A[[iYsinif;+C.»cos4>(vo-v) + VpQ cosif;] , 
(2) 

where ~ and ~) are defined as 

1J= - Vso [(vAvf]l(v6 _V2 )2+ (VAV)2] - Vpp , 

®= Vso[vAv(vo+v)]J[(v~ _V
2 )2+ {VAl')2]. (3) 

Let Vw be the open-loop VCO frequency (i.e., the "free 
running frequency" for Vj = 0), andAo the VCO sensitivity. 
The closed-loop frequency is then 

v = VW +AOVI' (4) 

From Eqs. (2) and (4) we obtain 

v = [vw + AoAl cos 4>(@vo + tan 4> + VpQ)]1 

(1 + Ao-4]('\) cos 4» . (5) 

The effect of the initial veo setting (vw ) disappears in 
the limit of infinite loop gain (AoA 1 = 00 ) 

v = Vo + m/(~ )tan if; + VpQI@) 

=vo+ov(¢)+ov(VPQ )' (6) 
Equation (6) measures the shift of the closed-loop fre­

quency with respect to the resonant frequency [note that it 
can be obtained directly from Eq. (2) letting VI = 0 J . 

For V;::::Vo, Eqs. (3) yield if;:::: - ('<<;0 + Vl'F)' and 
(bj;::::2Vso/Av, so that Eq. (6) is approximated by 

v;::::vo-Avtan¢(Vso + VPF )/(2Vso ) 

+ ~vVPQI(2Vso) , 
or, using the quality factor Q = vol Av, 

(v - vo)/vo;:::: - tan if; ( 1 + VPFIV.so )/2Q 

+ (V PQIV..,o )/2Q. 

The smaller is Q, the larger the frequency shift. 

(7) 

(8) 

To give an idea of the relevance of the two contributions 
to the total error we let, for example, Q = 102

, VPF 

;:::: VpQ ;:::: 10-2 Vso , and 4> = 5°, obtaining 81'( ¢)j 
vo:::::4 X 10-.4 and 81'( VpQ )/VO ;:::: 5 X 10--5 • 
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II. THE PHASE-LOCKED LOOP IMPROVED BY USING 
PHASE MODULATION 

The residual phase error 4> can be avoided if a second 
feedback loop is connected to the main loop by means of a 
voltage-controlled5 phase shifter VCPS as shown in Fig. 3. 
Here the phase of the signal VR fed to the reference channel 
of the main detector PSD 1 is slightly modulated at a low 
frequency I ( I <.I.l v and f<. 1/7, where 7 is the PSD 1 time 
constant) by the signal v.~ produced by a second oscilla­
tor O. 

Small changes of the driving frequency v are, therefore, 
produced in the main loop by the modulated VI signal. This 
frequency modulation produces an amplitude modulation at 
fioequency f of the rectified signal i Vs I, at the input of the 
second phase-sensitive detector PSD2. The second loop is 
closed by the output signal V2 ofPSD2 which is added to V M 

at the VCPS input. 
The zero phase error condition corresponds to V2 = 0, 

i.e., J I Vs I/Jv = 0, if the effect of synchronous pickup is 
negligible. 

A detailed analysis of the complete system, which ac­
counts also for the pickup effect, is given in the following. 

Let the VCPS be initially adjusted at open 
loop( V2 = VM = 0) to give a reference signal VR with a 
phase 1712 + ¢ I with respect to the exciting voltage. In this 
situation the circuits of Figs. 2 and 3 are equivalent and the 
main loop locks to a frequency given by Eqo (7). 

When the modulating signal V".>.1 = v'wo COS(21T It) is 
switched on, the residual phase error if;(t) at closed loop is 

¢U) = ¢l - ¢o +BZ V2 + BM VM (t) = <4» + BMV.~(t) , 
(9) 

where B M and B2 are the VCPS sensitivities for the r-~~ and 
V2 inputs, respectively, and 

(10) 

is the mean value of the residual phase error (that can be 
assumed to be small). Therefore, tan < ¢ ) ;:::: < if;) and Eqs. (7) 
and (9) yield the mean closed-loop frequency (v) 

(v) = 1'0 - i (1 + Vn·IVso ) <4»l.lv +! VPQIVsoAv 
(11) 

FIG. 3. Phase-modulated locked loop for phase error rejection: VCPS vol­
tage-controlled phase shifter; 0 low-frequency oscillator. 
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and the frequency modulation 

Dv(t) = -! (1 + VpfJVso )6.vBM VMO cos(2rr It) . 
(12) 

The amplitude of the rectified signal ! Vs I may be ex­
pressed as a function of the modulation DV 

IVs I = < IVs I) + a IVs I 8v = (lVs I > + ( Ws I > r- 1 av 
I avo av) 
XIVF~+VQ~ DV, 

\ Bv av ( 13) 

where the derivatives with respect to the frequency of the 
real and imaginary part are obtained from Eq. (1): 

av.,il' 2v(fw)2(Va + v 2 )(Va - v) 
-- = v.so ~ ,(14) 

Bv [(Va-V)2+(V~V)2p 

(15) 

Close to the resonant frequency « v) ;:::: vo), and for 
VPF ;:::: VpQ « V:s'o Eq. (13) reduces to 

W.,I = v."o +2/~v(V.S'o(vo·- (v»/6,v-- VpQ ]8v. 
(16) 

The detector PSD2 produces an output voltage V2 

which is proportional to the amplitude modulation 
8/Vsl = ca tv.."Vav)8voftherectified signal and, therefore, 
from Eqs. (12) and (16) 

V2 =A20W~1 

= - VSOA2BM VM o[2(vo -- (v) )/.o.v - VpQIV,i'O] . 
(17) 

With an infinite loop gain the error voltage V2 fed back 
to the VCPS is zeroed at closed loop. Letting V2 = 0 into Eq. 
(17) we get 

(18) 

Equation (18) shows that the phase error appearing in 
Eq. (7) has been avoided by using the second loop. 

The same result is obtained by introducing expression 
(17) of Vz into Eq. (0) 

(if» = ¢I - ¢o - KV"o [2(vo - {v) )/~v - VpQ I Vso ] , 
(19) 

where K = A2B2BM Vii-to is the loop gain, and using expres­
sion (19) for (dJ) into Eq. (11), in the limit K = 00. 

III. FREQUENCY LOCK WITH HIGH REJECTION OF 
SYNCHRONOUS PiCKUP 

When the pickup error DV( VpQ ) is predominant with 
respect to the phase error l)v (¢ ), the circuit shown in Fig. 4 
should be used. Here the rectifier of Fig. 3 has been replaced 
by a third lock-in (PSD3), whose reference channel is fed by 
the driving signal V D' 

The output V3 ofPSD3 is V3(v) = [VSF(v) + Vpp] 
X cos @ + [VSQ (v) + VPQ ] sin if>, with ¢ = ,po, where CPo is 
the (small) phase angle between VD and Vs" The output V2 

of PSD2 is now 
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FIG. 4, Phase-modulated locked loop for synchronous pickup rejection. 

Using relations (12), (14), and (15) we get 

V2 = A2B M v,'Jo v'so cos ¢[2 + (l - y) tan ¢; 1 , (21) 

where 

For v;::::vo, V2 becomes simply 

Vz =A2BM V,\.1o v'so cos ¢[tan ¢ + 2(vo - v)/,iv] . 
(22) 

As usual, for large closed-loop gain we get V2 ;::::O and the 
frequency offset becomes 

(v - vo)lvo;::::tan cp12Q. (23) 

IV. PERFORMANCE 

The circuit shown in Fig. 3 has been used to perform 
adsorption measurements of argon on graphite close to the 
triple point. 

The resonant frequency of the graphite fiber ( 1 em long, 
10 f.Lm diameter) was in the range 10-20 kHz. Most of the 
synchronous pickup usually present in electrically driven vi­
brating wire was avoided by using mechanical excitation 
(piezoelectric ceramic). 

The resonance width changes of three order of magni­
tude from vacuum to Ar saturated vapor pressure (the mea­
sured quality factor Q was 102 < Q < 105

). The phase error 
becomes important particularly at low Q values. 

The phase error is due to changes of the excitation effi­
ciency (e,g., coupling through the gas of various densities or 
temperature-dependent sound transmission coefficients) 
and to the electronics (e.g., finite bandwidth of the ampli­
fiers and drifts with time and temperature). It was detected 
and zeroed by using the phase-modulated loop, driven at a 
frequency 1;::::4 Hz CQ < 103

). 

We obtained in this system an overall accuracy on the 
frequency lock better than ~vlv = 10-6

• 
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