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Experimental Observation of the Increase of the Two-Dimensional 
Critical Temperature in Multilayer Adsorption 
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Measurements of multilayer adsorption of solid 4He on graphite have been made for 0.965 
K ^ T ^ 1.24 K at intervals of ~ 15 mK using fourth sound in He II as a probe. The first 
observation of the increase of the two-dimensional critical temperature Tcj with increasing 
layer number j is reported. We extrapolate our values of Tcj for j —• oo and obtain the bulk-
roughening transition temperature, confirming a prediction of current theories. The model­
ing of the acoustics including effects of the solid-liquid interface is also presented. 

PACS numbers: 67.70.+ n, 67.80.-s, 68.45.-v 

In recent years the area of two-dimensional inter-
facial phenomena has aroused considerable theoret­
ical and experimental interest. Mean-field calcula­
tions on the lattice-gas model by de Oliveira and 
Griffiths1 predicted the occurrence of an infinite set 
of first-order transitions corresponding to mul­
tilayer adsorption under conditions of complete 
wetting. As temperature increases the first-order 
transition of the j th layer is expected to terminate 
at its own critical point Tcj\ at higher temperature 
the adsorbate grows continuously, de Oliveira and 
Griffiths1 found that for layers near the substrate 
Tcj was near the two-dimensional Ising critical tem­
perature TC2D> whereas for higher layers Tcj mono-
tonically increased toward the three-dimensional 
lattice-gas critical temperature TC^G. The last effect 
was considered an incorrect artifact of the mean-
field theory, since this theory does not allow for a 
fluctuation-dominated roughening transition2 (be­
longing to the Kosterlitz-Thouless universality 
class) at a temperature TR < TcLG. The roughen­
ing transition for a bulk system has been observed 
experimentally.3 Subsequent calculations by 
Ebner,4 Saam,5 Kim and Landau,6 Pandit, Schick, 
and Wortis,7 and Weeks,8 using techniques which 
avoid the shortcomings of the mean-field theory, 
have produced the expected results represented in 
Fig. 1, which shows the amount of adsorbed phase 
9 as a function of pressure P (related to the chemi­
cal potential) and temperature T. This equilibrium 
surface displays the effects predicted by de Oliveira 
and Griffiths1 (first-order steps in low-temperature 
adsorption isotherms, continuous adsorption at high 
temperature, and critical points in between), but 
now the critical points for layers far from the sub­
strate approach the bulk roughening temperature 
TR. More recently Huse9 and Nightingale, Saam, 
and Schick9 have predicted that Tcj approaches TR 

as (In/)"2 for large j . In this paper we report the 
experimental observation of the increase in Tcj 

from near two-dimensional Ising TC2D toward bulk 
roughening 7^ for solid 4He adsorbed from the su-
perfluid He II phase onto a graphite substrate. An 
extrapolation of our results for j—>oo yields a tem­
perature in good agreement with that observed3 for 
the roughening of the (0001) surface of bulk hep 
4He. 

In this experiment fourth sound10 (a pressure 
wave involving the flow of only the superfluid com­
ponent of He II in a porous medium or superleak) 
is used to probe the liquid-solid 4He interface by 

COVERAGE e 

FIG. 1. Equilibrium surface showing coverage 9 as a 
function of temperature T and pressure P. At low F, 
layers appear in first-order transitions; at high T, cover­
age increases continuously with P\ the dashed lines indi­
cate two of the critical points Tcj. Adsorption isotherms 
have relatively small slopes at integral (j) nominal cover­
ages, and have larger slopes at odd half-integer O + y ) 
nominal coverages. Note that TC)2D^ TCJ^ TR (see 
text). 
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coupling with the freezing-melting waves11 unique 
to this interface. The fourth-sound resonance fre­
quency in an exfoliated graphite (Grafoil) superleak 
was measured as a function of pressure (7 
bars <P<26 bars) at ~ 15 mK temperature inter­
vals (0.965 K < T < 1.24 K) with use of a resona­
tor identical to that described previously,12 but with 
improved pressure-measurement and data-ac­
quisition techniques. 

For convenience in plotting and analysis the mea­
sured pressure is converted to a nominal solid 
thickness with a Franchetti relation 9F = a(Ps 

— P) ~1/3, where a is a van der Waals force constant 
( -~ 7 layers • bar1/3),12 and Ps is the bulk solidifica­
tion pressure. Based on a continuum model, 0F 
may coincide with the actual coverage only at high 
temperatures where the adsorbed solid surface is 
sufficiently rough; as a mean line through the low-
temperature and actual coverage, it seems to locate 
integral and half-integral coverages fairly well. A 
typical plot of the resonance frequency versus 9F is 
shown in Fig. 2. The periodic minima in the data at 
0F = 3.5, 4.5, . . . ,7.5 confirm the layer-by-layer, or 
complete-wetting, mode of growth as previously re­
ported.12,13 The dashed line in this figure is used in 
the present data analysis discussed below. 

Our analysis of the data requires only a simple 
qualitative understanding of the coupling between 
the fourth-sound velocity and the properties of the 
adsorbed solid, but for the sake of completeness we 
present here a more quantitative model. The pro­
pagation of longitudinal pressure waves in the 
Grafoil is represented in the inset in Fig. 2 where 
the graphite platelets are modeled as planes with a 
mean separation W. In the absence of adsorbed 
solid a net influx of superfluid —px 9 Vjbx (pj and 
Vs are the superfluid mass density and particle velo­
city, respectively) results in a local compressional 
rise bP which provides the major restoring force for 
the sound wave. With adsorbed solid present the 
initial pressure rise causes some liquid mass §m to 
enter the higher-density solid phase, resulting in a 
deficit in the liquid density increase, less compres­
sion, a smaller restoring force, and a decreased 
sound speed. The latent heat hQ released by the 
formation of the solid draws more superfluid com­
ponent into the local volume; this acts as an addi­
tional antirestoring force which further decreases 
the sound speed. A similar decrease in the restor­
ing force occurs in the other half of the cycle when 
the solid melts rather than it freezes. 

From the geometry of the inset in Fig. 2, the def-
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FIG. 2. Typical isotherm of fourth-sound resonance frequency as a function of nominal solid coverage (T = 1.015 K). 
Points are experimental data; dashed line is drawn to aid in quantifying the depth of the minima (see text). Inset: 
model of fourth-sound propagation between graphite platelets. Symbols are explained in the text. 
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icit in the superfluid mass density change is given 
by 8 P l = - ( 2 / C 4

2 ) r 1 8 P where Tl = (p2-pO 
x C4 (90/ bP)/W\s a dimensionless coupling con­
stant, p2 is the solid mass density, Wis expressed in 
layers, and 90/9P is essentially the slope of the ad­
sorption isotherm. Similarly the heat evolution is 
given by 80 = (2/T)T2bP with T2= 7Xp2(90/9P), 
where L is the latent heat of solidification per unit 
mass. By incorporating bpx and 80 into the linear­
ized superfluid thermohydrodynamic equations,10 

and assuming a plane-wave solution at frequency co 
and wave number /c, one obtains the dispersion re­
lation cj/k for the wave propagation. Relaxation 
due to the finite rate of growth of the adsorbed 
crystal has not been considered here. However, our 
earlier experiments12 show that relaxation effects 
just become significant for resonance frequencies 
> 2 kHz; in our present experiment we have used a 
low-frequency resonance ( — 700 Hz). For helium 
r 2 « r ! , and for reasonable values of 90/9P, 
Tj « 1; then one obtains a propagation velocity 
C^Ctil-TO. Thus C 4 -C^C 4 r 1 oc90 /9P ; 
i.e., C (and the corresponding resonance frequen­
cy) is decreased from C4 by a quantity directly relat­
ed to the slope of the adsorption isotherm. This is 
used in the data analysis to locate Tcj. 

The procedure for locating Tcj is based on the re­
lationship between the behavior of the fourth-
sound resonance frequency along an isotherm (as in 
Fig. 2) and the 0( TfP) surface (Fig. 1) in the vicini­
ty of a critical point. Near integral layer coverages 
(0F = ./'), the adsorption isotherms have relatively 
small, slowly varying slopes so that C < C4. Near 
odd half-integral layer coverages {0¥ = j + \), the 
adsorption isotherm varies rapidly, and the maxima 
in (90/9P) produce the sharp minima in the 
resonancy frequency data. For T> Tcj, the solid 
adsorption isotherms have a rounded staircase 
shape; the maximum slope at a step is reflected in 
the depth of the minimum in the resonance fre­
quency curve (Fig. 2), and the amount of rounding 
determines the width of the resonance frequency 
minimum. As T approaches Tcj from above, the 
depth of the minimum increases. With an ideal in­
finite substrate, the sound speed should drop to 
zero as the interface susceptibility 90/9P diverges at 
Tcj\ below Tcj, the depth (and width) of the minima 
should rapidly decrease. In the ideal system, hys­
teresis would prevent the vertical steps in the ad­
sorption isotherms from affecting the sound pro­
pagation. However, the actual experimental Grafoil 
system does not provide an ideal infinite substrate; 
the finite size of the graphite platelets results in 
coherence-length effects and, perhaps more signifi­

cantly, effects due to edge nucleation sites. The 
presence of edge and edge-induced nucleation sites 
means that a continuous layering mechanism 
should be superimposed on the ideal system 
represented by Fig. 1. Such a mechanism would 
contribute to the rounding of the adsorption iso­
therms and might preclude the observation of first-
order transitions for T < Tcj\ at Tcj finite-size ef­
fects would lower and round the singularity in 
90/9P. All of these effects have been observed in 
theoretical studies.14 For a (one-dimensional boun­
dary) edge system the roughening temperature is 
zero and the density of edge nucleation sites in­
creases with no abrupt change with temperature.15 

Thus the effects of the edge mechanism on the 
solid adsorption isotherms should have a smooth 
temperature dependence, so that the critical tem­
peratures Tcj still correspond to local maxima in 
90/9P, and hence to local minima in the resonancy 
frequency date. To find these points we have 
drawn a smooth line (the dashed curve in Fig. 2) 
representing C4 in the absence of layering transi­
tions and have measured the vertical depth 
[Dj( T) > 0] for each minimum. Then for each j 
the depth is plotted as a function T7, as in Fig. 3; the 
position of the maxima in these curves yields Tcj. 
It is clear from Fig. 3 that as the nominal coverage 
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FIG. 3. Depth of local minima Dj for each odd half-
integer coverage O + y ) as functions of temperature. 
Arrows indicate positions of corresponding critical tem­
peratures. The scatter in the data indicates the estimated 
error. 
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FIG. 4. Plot of the critical temperature Tcj of the y th 
layer as a function of (ln«)~2 (as suggested in Ref. 9, 
with n =j' + y ) . Data extrapolate to a roughening tem­
perature 71* = 1.17 ±0.03 K. 

9F = J + 1 increases from 3.5 to 7.5 layers, the criti­
cal temperature Tcj increases from —1.00 to 
~ 1.06 K. The values of Tcj indicated by the ar­
rows in Fig. 3 are 1.00, 1.00, 1.015, 1.04, 
1.06 ±0.005 K for. /+ y = 3.5,4.5, . . . ,7.5, respec­
tively. If these Tcj are plotted as a function of 
(\nn)~2 (as suggested by Huse and by Nightingale, 
Saam, and Schick,9 with «=y' + y ) , as in Fig. 4, 
then a linear extrapolation for j — • oo yields 
Tcoo= 1.17 ±0.03 K which is in good agreement 
with the roughening temperature, 7^ = 1.15-1.17 
K,3 measured for the (0001) surface of bulk hep 
4He. The fractional shift (TR-Tc>2D)/TR^n% 
estimated from our data is in reasonable agreement 
with the theoretical prediction ( — 11%) by Ebner.4 

Our experimental results for solid 4He on graphite 
provide good support for current theoretical calcula­
tions of multilayer adsorption. 
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