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The *He viscosity hus been measured with a vibrating wire viscometer on the
superfluid side of the 7 transition. The results indicate that w should be singular
at Ty, in agreement with the suggestion advanced recently by G. Ahlers.

1. INTRODUCTION

Several sets of measurements of the viscosity of liquid *He have been
recently analyzed by Ahlers' in order to establish whether or not 7 is singular
at T,. He considers the function

1 — (n/n,) = Ae* (1)

where #, is the viscosity al the A point and ¢ is the usual ratio & = (T, — TV)/T,.
There arc systematic differcnces in # among the resulis of the various
experiments, but the analysis attained a good agreement for 1 — #/n;.
Over about two decades in ¢ the various measurements follow the relation
I —nim; = Alg]* with A =519 and x =085 for T < T;, and 4 = —1.82
and x = 0.75 for T > T,. Different values of n, were chosen for each set of
data in the analysis. The conclusion was that the existing data strongly
suggest the existence of a singularity in 5 at T,.

Webeler and Allen? later performed accurate measurements of viscosity
in *He-*He mixtures, using a torsional crystal method. They found no
discontinuity in » or in dn/dT. Extrapolating the results to zero *He concen-
tration, they concluded that n is regular at the transition.

An interesting result has recently been obtained for the ion mobility
near T,.* This quantity, which depends on the viscosity # and on the surface
tension ¢, shows a critical behavior as the 1 point is approached.

*Work supported by the Consiglio Nazionale delle Ricerche. Roma, Ttaly.
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We report in this paper a set of measurements of the viscosity » in the
4 region of pure “He. The measurements have been performed with a
greatly improved version of the vibrating wire viscometer? first introduced
by Teugh et al.® Our ¢ryogenic arrangement is not suitable for accurate
measurements above T, and therefore we report only the data obtained
below T,. Nevertheless the hypothesis suggested by Ahlers is strongly
supported by cur data.

2. EXPERTMENTAL METHOD AND APPARATUS

2.1. The Vibrating Wire Viscometer

We will give here only a short description of the method used for the
measurement of tixe viscosity, together with relations that are peculiar to
the special situation of He I1. A detailed theory of the viscometer and a
description of our technique can be found in Ref. 5. A tungsten wire of
5 % 10~ % cm diameter is stretched and clamped in a uniform and constant
magnetic field B normal to the axis of the wire. The wire is driven to vibrate
by a sinusocidal electric current of constant amplitude i, and variable
frequency v. The voitage induced in the wire circuit is amplified and detected
by a phase sensitive detector. By changing the frequency v+ of the driving
current it is possible to get the resonance curve of the wire. The width Av
of the resonance curve can be related to the density p and the viscosity n
of the fluid in which the wire is vibrating. This relation can be developed
with the aid of a linearized theory developed by Stokes.” La this theory the
force per unit length exerted on the wire by the fluid is given by the formula

F = —na?p[2mvk'(dy/de) + kid?y/dr*)] (2)

where y is the displacement from the position at rest, a is the radius of the
wire, and the numbers k and k' are known functions of the parameter m
defined as

m = a/2} = (a/2)(2rvp/n)"? (3)

where A is the viscous penetration depth. Introducing the force F into the
equation of motion of the wire, onc gets, with simple calculations,”® the
following useful equations:

Av = pvok'/(pr + pk) 4)
vy = Aipvok’ 5

where Av is the width of the resonance curve, v, is the resonant frequency,
pr is the wire density, o is the fluid density, v, is the amplitude of the signal
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induced in the wire circuit at resonant frequency v,, and A =
4 x 107 °1B%i,/(n*a?), with | the length of the wire in centimeters, B the
value of the magnetic field in gauss, i, the driving current in amperes, and
« the wire radius in centimeters. With these units, the induced signal v, at
resonance is given by Eq. (5) in volts,

We can measure the viscosity # in two different ways. With the first
method, after v, and Av have been measured, we can choose a value m” of
the parameter m such that k'(m") and k(m") satisfy the relation (4). Once
m" is identified, and if the density p is known, the viscosity # is given by {3) as

7 = mpave/(2m'?) (6)

This method allows an absolute measurement to be made, provided that
some conditions on the amplitude of vibration are satisfied.’

In the second method we measure the resonani frequency v, and the
induced voltage v, at resonance. If p and 4 are known, we get K'{m”) from {5)
and the viscosity 5 from (6) as above. The constant 4 can be derived directly,
or indirectly through measurements with a fluid of known density and
viscosity. This method is particularly useful to detect small changes in
ViScosity.

In our technique the frequency of the driving oscillator is locked to that
of the vibrating wire by means of a feedback ioop connecting the output of
the phase sensitive detector with the input of the voltage [requency control
of the oscillator itself. If the reference of the phase sensitive detector is at 7/2,
the feedback locks the driving frequency to the resonant frequency v,.
Ifthe reference is set at @ — n/4, the driving frequency is locked at a frequency
v, while for a reference at n/4 the locked frequency will be v,. The two
frequencies v, and v, are such that the rcsonance width is given by Av =
v, — v,. The feedback greatly improves the stability of the driving oscillator
and the accuracy of the frequency setting. Moreover, it allows a measurement
of the mean period to be made over long time intervals. These features
greatly improve the accuracy of the measurements in both methods discussed
above. The effects of the electronics dephasing and of stray pickup signals or
resistive residuals are discussed in Ref S. Similarly, the effects of radiation
damping, the limits on the vibration amplitude imposed by the linear
approximation of the Stokes theory, the effects of the magnetic field align-
ment, and those arising from the fact that the wire is actually an anharmeonic
oscillator are all discussed in Ref. 5.

2.2, Application to He I

In the case of He IT we must modify the Stokes formula (2) in order to
take into account the two-fluid model. The term na?2nvpk’ in the drag force
(2) is the viscous coefficient, while ma?pk is the hydrodynamic mass. Since the
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contribution to viscosily comes from the normal fluid only, we modify
Eq. {(2) as follows:

F = —na’[2avpk (dy/dt) + (pk + p)(d*yidi™)] (N

We have used the fact that the contribution to the hydrodynamic mass given
by the superfluid component is na®p,. The other relations, deduced from (7)
and from the equation of motion of the wire, have to be modified as follows:

Av = pyok'{{pe += pok + p,) (8)
g = A\"’pnvﬂk' (9)
n = np,aivy/2m’? (10)

Our interest is to see how i changes with respect to its value 4, at the 4 point.
For the ratio /5, we have

niy = (ppvo oo ) mjm'? (11)
With our apparatus m ~ 10 in the / region, and so the functions k(m) and
k'{m) have the simple form’
k=1+ V-"E/}h {12)
K=/ 2/m + dm? (13)
Combining (9), (11), and {13}, we get
1M = Woa/te)l (PaVos Pa¥o)Clm". my)
The coefficient C is a very slow function of nr, sothat wecantake C =~ C, = 1
for small changes in 5. Finally we obtain the equation
115 = (P05 Pa¥o)(0ga/vo) (14)

The dissipation of the wire itself is taken into account by the usual relation
10 = 1/@, — 1/Q,,° which in the present case takes the form l/v, =
e, — 17V, where v, is the meusured voltage at resonance when the
wire vibraies in helium, and ¥, is the corresponding voltage in vacuum.
At helium temperatures the quality factor Q,, in vacuum is of the order of
10°-and @, = 10°; therefore the internal dissipation only results in a small
correction to the measurements. It is to be noted that an accurate calculation
of 7 by relation (8) or (14) from the measured v, and Av, or vy and ¢, requires
an accurate knowledge of the superfluid and normal densities p, and p,.

2.3. The Measuring Cell

The support for the vibrating wire is a small bar of lavite. Two brass
screws arc fixed on the bar, and the wire is stretched and clamped between
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two screwed nuts. The length of the wire is 2 cm, its radius is 2.5 x 10”7 % cm,
and its density is assumed to be 19.35 g/cm3. The lavite bar is placed inside
a copper box of rectangular cross section, which is soldered on a circular
brass flange, as shown in Fig. 1. A germanium and a carbon resistor ther-
mometer are focated inside the cell. A permanent magnet is placed outside
the cell in such a way that the produced magnetic ficld B is normal to the
wire axis and parallel to the planes clamping the wire. With this arrangement
we excite only one of the two vibration modes, as explained in Ref. 5. The
closed cell and the magnet are mounted in such a way that the wire is
horizontal, in order to avoid a possible gravitational effect. The expansion
coeflicient of tungsten and that of the supporting bar are very close in value.
Therefore the resonant frequency changes only about 3% from room
temperature to liquid helinm temperature.

2

Fig. 1. Upper part: schematic view of the experi-
mental cell. Lower part: sectional view of the
viscometer. {a) Magnet poles, {b) insulating bar of
lavite which supports the wire. (¢) copper box,
(d) tungsten wire.
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Fig. 2. Block diagrams of the electronics used in
the relative method (upper part), and absolute
method (lower part). VCO, voltage-controlled
osciflator. B, bridge for suppression of stray
signals or resistive residuals. DA, differential
amplificr. PSD1, phase sensitive detector for
measurement of the signal amplitude. PSD2,
phase sensitive detector for frequency feedback.
PS, phase shifter. DVM. digital voltmeter. FM,
frequency meter.

2.4. Electronics

Figure 2 shows block diagrams of the electronic apparatus used for the
absolute and relative measurements. A detailed description of the bridge B
and of the phase selector PS can be found in Ref. 5. The phase sensitive
detector PSD1 is a PAR lock-in amplifier model 116. In the first method it
is used to lock the variable-frequency oscillator VCO to the wire {requency.
In the second method it is used to amplify the induced signal, while the
feedback on the frequency is performed by the home-made phase sensitive
detector PSD2. Frequency and voltage are measured with digital instruments.
A discussion of stability and accuracy can be found in Ref. 5.

2.5. Temperature Control and Mecasurement

The temperature was measured with the germanium thermometer
{Leico Industries Model 31.) submerged in liquid helium inside the copper
cell. The resistance of the thermometer was measured with a four-terminal
bridge (Fig. 3). The reference resistor (R, ~ 71 kQ) was outside the cryostat
and thermoregulated at 30°C. Relative changes AR,/R, were smaller than
2 x 107% The bridge is balanced using the variable ratio transformer T,
(General Radio type 1493). The oscillator, amplifier, synchronous filter, and
phase sensitive detector are home-made electronics.

The thermometer was calibrated by means of the Helium vapor pressure
on the 1958 *He scale. The inaccuracy in the absolute temperature was
estimated to be about 107* K. The value of the transformer ratio a that
balances the bridge was a linear function of the temperature, to within an
excellent approximation, from 2.0 to 2.2 K. The sensitivity R~ {(AR/AT)
was about 1.8 K™™', With a dissipation of 3 x 10™% W, changes AT ol
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1 khz
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PSD 'CR

Fig. 3. Four-terminal bridgc used in the measure-
ment of germanjum resistance. Ry, tixed resistor.
R, thermometer. T, variablc ratio transformer.
T,. transformer for reduction of changes in cable
resistance.

107° K, corresponding to AR/R ~ 2 x 1077, can easily be measured with
Our apparatus.

A first thermoregulation of the helium bath was achieved with a
pressostat. The temperature of the sample cell was stabilized by means of a
usual thermoregulator. As sensing element we used the carbon resistor
inside the sample cell. The heater was wound directly around the copper
part of the cell. This arrangement provided good temperature stability
below T,. For teraperatures above T, however, the stability was not sufficient
to improve the accuracy with respect to the existing data. Improved cryogenics
need to be arranged for future work above the 4 point.

2.6. Determination of the Lambda Point

The following procedure was used. With the bath thermoregulated
we reached a temperature near 7,. Then the bath temperature was released
to drift very slowly across the / point. As T, was approached, the drift was
suppressed by the strong rise of the specific heat. Figurc 4 shows a record of
the tcmperature drift detected by the germanium thermometer. The tem-
perature at which the germanium resistance was constant was assumed
as T,. The maximum error due to the noise is +4 uK. A time interval of
several minutes was largely sufficient to measure the quantities denoted by
the subscript 4 in the previous formulas.

3. EXPERIMENTAL RESULTS

3.1. Experimental Conditions

The measurements were made under the following conditions. The cell
was filled with UPP helium gas (Societa Italiana Ossigeno, Milan, [taly)
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Fig 4. A typical 2-point crossing, as recarded by the thermometer bridge. The
} temperature is defined within +4 uK.

passing through a charcoal trap cooled at liquid nitrogen tempcrature.
The wire was positioned horizonlally in a magnetic field of about 1000 G
and was driven with a sine wave current of a zero peak amplitude i, =
22 x 1073 A The resonant frequency was v, = 1792 Hz, while the resonance
signal amplitude changed from 18.5 4V at 2.03 K to 7.2 ¢V at T,. The mean
power W, dissipated in the fluid was therefore less than 5 x 107'°W. and
the Joule heating power w, can be neglected with respect to w, at our
temperatures.

We wiil discuss now whether corrections must be introduced in the
calculations of viscosity #. We usc considerations and formulas developed
in our previous paper.’

Power radiated by sound Wy. The ratio of wg to W, is given by ¥/, =
Inv.a?/c?k’. Taking for the velocity of sound ¢ the value ¢, = 21,790 cm/sec
at T;.% we get wp/i, =~ 1078 Therefore no correction is needed for radiation
damping.
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Compressibility effects. The theory of the oscillating cylinder in
incompressible fluid is valid also for a real fluid if (§o/c)* « | and if
(2mva/e)? « 1. The maximum value of the velocity p, at the middle of the
wire is given by p, = 1087,/2{B. With B = 10 G,v, = 18 uV,and! = 2 cm,
we have P, = lL4cm/sec, and then (P,/c)? =4 x 107°. We have also
(Zmvajc)* = 2 x 107°. The theory developed by Stokes for incompressible
fluids is therefore a very good approximation for our case.

The linear agpproximarion. Neglecting nonlinear terms in the Navier—
Stokes equation imposes that vy/a <« 1. The maximum displacement y,
can be calculated when i, and v, are known.® In the conditions of our
experiment yo/a =~ 5 x 1072 at T= 203K and yo/a =3 x 1072 at T,.
Therefore the linearized theory should be a good enough approximation.

3.2. Measurements with the First Method

Measured values of n obtained with the first method at T < T, are
shown in Fig. 5 (open circles), together with the data of Dash and Taylor®
(filled circles) and Webeler and Hammer!? (squares). As explained above,
the data have been obtained by measuring the quality factor Q= vy/Av,
where v, is the resonant frequency and Av is the width of the resonant curve.

T T T T

& .
= .
= /
cu'q a "
25 | St
20 + e " | 1
15 | -
i T
L 1 R 1 L L
2.00 2.05 210 215 T (KD

Fig. 5. The viscosity of *He above 2.0 K. Filled circles are data from Dash and
Tavlor,? squares are from Webeler and Hammer,'® and open circles are from
the present cxperiment (absolute method).
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TABLE |
Quantities Involved in the Data Obtained with the First Method®

T.K p.gfcm® p,. 2/cm® Q, n.upP
2.172000 0.146163 0.146165 8827 27.38
2,17193] 0.146164 0.145810 384.5 27.33
2.171719 0.146163 0.145261 8B6.K 27.29
2.171594 0.146162 0.145005 888.2 27.26
2171374 0.146160 0.144623 8899 27.22
2170925 0.146157 0.14395 8939 27.11
2.170704 0.146155 0.14366 895.2 27.08
2170303 0.146153 0.14316 %988 26.96
2.168066 0.146139 0.14092 211.5 26.62
2165812 0.146127 0.13906 923.4 2629
2163631 0.146117 0.13747 93353 25.92
2160548 0.146103 0.13549 947.4 25.63
2 158384 0.146093 0.13416 G585 25.2%
2155776 0.146082 0.13267 970.6 24.94
2.155715 0.146082 0.13262 974.4 2476
2.153366 0.146073 0.13137 981.9 24.62
2151090 0.146064 0.13017 9919 24.34
2.148897 0.146056 0.12907 1003.5 2399
2.146280 0.146046 0.12781 1007.5 24.03
2.144034 0.146038 0.12674 1019.1 23.68
2.131088 (.145957 0.12116 1068.7 2253
2.110969 0.1459354 0.11355 1143.8 20.96
2.091994 0.145898 (3.10709 1212.8 19.80
2070281 0.145842 0.10024 12828 18.89
2048592 0.145786 0.09415 1362.3 17.83
2027637 (0.145741 0.08B841 1440.3 1697

“For symbols and errors see texi.

From the values of @, we derived that of Q, through the usual relation
1/Qr = 1/Q, + 1/Q,. The factor Q,, measured with the wire vibrating in
vacuum, changed from 80,500 at 4.2 K to 95,000 for T = T,. The values of
7 have been calculated by means of the relations (8), (10), (12), and (13),
using the experimental values of Kerr and Taylor®! for the total density p
and the experimental values of Tyson and Douglass'? for the superfluid
density p.. We supposed that the wire was a cylinder with a radius a equal
to the nominal value of 2.5 % 10~ cm. The values of temperature, density,
measured @, and calculated viscosity are listed in Table 1. Apart from a
systematic error in the wire diameter, the error on the final data is about

0.1%.
3.3. Measurements with the Second Method

., we used the second method, by which
k' is obtained from measurements of the resonant frequency v, and the

At temperatures very near T,
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Fig. 6. The output voltage of phase sensitive detector PSDU, which ampli-
fies the wire signal at resonance. It is measured with an accuracy of
+3.5 x 10~ 5. Small changes in amplifier gain. driving current, and stray
signals scatter the points within +1.0 x 10 *.

voltage amplitude v, at resonance. This voltage, amplified with highly
stable eclectronics, was measured within a few paris in 10%. Results of our
measurements for T, — T < 700 yK are shown in Fig. 6. The data were
taken on increasing and decreasing the temperature, and the results were
reproducible. Only at T, did we obrtain several different values, while the
germanium thermometer indicated a temperature well defined within +4 uK.
The spreading of the data at T, is beyond the errors, but we cannot state that
# is discontinucus at T,. Thermal stability above T, was not in fact good,
and measurements were too scaltered to be compared with those below T,.
We hope to clarify this point in future work, using improved cryogenics.
Values of 5 calculated from the data of Fig. 6 from the relation =
A"{p,voui)~ " are plotted in Fig. 7. The normalization constant has bcen
chosen as 4" = 0.37625. Values of the various quantities involved in Fig. 7
are listed in Table II.

4, DISCUSSION

Because the value of the viscosity 5, at T, is not well defined, we must
use an extrapolated value for #, in the plot suggested by Ahlers.! We found
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Fig. 7. The viscosity of He IT calculated from the data of Fig. 6 as explained
in the text. The temperature differences are in microdegrees.

TABLE 1T
Quantitics Involved in the Measurcments Performed with the Second
Method*

T, - T.uK £y gicm? Vy. V vo. Hz 7 uP
0 0.146165 7.2935 1772.80 27.286
112 0.145676 7.3006 1772.80 27333
0 0.146165 7.2914 1772.80 27.312
0 0.146165 7.2925 1772.80 27.304
185 0.145481 7.3108 1772.80 27.295
164 0.145534 7.3088 1772.80 27.300
138 0.145603 7.3039 1772.80 27.324
108 0.145687 7.3011 1772.80 27.329
99 0.145714 7.3011 1722.79 27324
82 0.145768 7.2979 1772.78 27.338
52 0145872 7.2935 1772.76 27.352
34 0.145944 7.2899 1772.74 27.365
0 0.146165 7.2826 177274 27.379
0 0.146165 7.2935 177274 27.297
0 0.146163 7.2904 177270 27.321
39 0.145846 7.2954 177270 27.343
154 0.145560 7.3077 177270 27.305
115 0.145667 7.3023 1772.70 27.325
248 0.145333 7.3145 1772.70 27.296
287 0.145248 7.3172 1772.70 27.292
374 0.145071 7.3257 1772.70 27.262
417 0.144989 7.3289 1772.70 27.254
499 0.144839 7.3351 177270 27.236
520 0.144802 7.3364 1772.71 27.233
568 0.144720 7.3380 1772.71 27.237
684 0.144529 7.3460 1772.71 27.213

“For symbols and errors see the text.
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Fig. 8. The data of our experiment plotted as log((n; — #)y,] as a function of
log [(T. — 1)/T.). The straight line has a slope 0.80. The errors are discussed in the text.

that our data can be fitted by the equation (7, — ni/y; = ac®, with i, =
27.377 4P and x = 0.80 + 0.03.

The filled points in Fig. 8 are data obtained with the first method and
the open dots are results obtained with the second method. The main
contribution to errors in the first method 1s due to the measurement of the
resonance width, and can be +0.19%, as noted above, With the second
method, used very near T}, the main contribution comes from the errot in g,,.
The normal density is in fact calculated using a measured temperature
defined within +4 uK. From (14} we have for the maximum relative error
[dn/nl = ldp,/e,l + 2ldvy/vel. Using the formula of Tyson and Douglass,!?
pn = p[1 — LAXNT, — T)"], where o = 0.666, we get

dp,/p, = |dp,/pl = 07327 A(T, — T)|

In our case |d(T; — T) < dT,] + |dT| =~ 8 x 107 and |dvy/ve| = 3.5 x 1075,
For our maximum error we have therefore |dy/y| = 7 x 1077 + 5.9¢%71 x
107° At & = 107 % the term due to g, is 2.7 x 1074, which is of the same
order as {#, — n)/y,. With an improved thermometry we could get, at the
limit, |dT} = [dT;] =~ 1 uK. With such an accuracy, |dn/n| = 1.4 x 107%
ate= 103
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5. CONCLUSIONS

We have proved that the vibrating wire s a good instrument to
investigate the behavior of viscosity at the . transition. We think that
Ahlers’ suggestion is.strongly supported by the result of the present experi-
ment. The viscosity » reaches its value #; at T; following the relation
(. — m)/n, = A(l — T/T,), and because x < 1, the derivative dy/d7T should
be infinite at T,. At presenl we musl use an extrapolated value for »; and
only the data below the superfluid transition. With improved cryogenics
wchopetoreachfor T > T, the same accuracy reached at presentfor T < T,
[t should be possible in further experiments to get a definite conclusion on
the small jump in ;7 observed at T;, compare the x exponent below and ahove
the transition, and investigate the whole 4 line under pressure.
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